Strong solutions for the interaction of a rigid body and a viscoelastic fluid by Götze, Karoline
Weierstraß-Institut
für Angewandte Analysis und Stochastik
Leibniz-Institut im Forschungsverbund Berlin e. V.
Preprint ISSN 0946 – 8633
Strong solutions for the interaction of a rigid body and a
viscoelastic fluid
Karoline Götze 1








2010 Mathematics Subject Classification. 76A10, 74F10, 35Q35.
Key words and phrases. fluid-solid interactions, viscoelastic fluids.
This research was partially done as a project in DFG IRTG 1529: Mathematical Fluid Dynamics.
Edited by
Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS)




Fax: +49 30 2044975
E-Mail: preprint@wias-berlin.de








D(v) = 12 (∇v + (∇v)




:= ∂tτ¯ + (v · ∇)τ¯ + ga(τ¯ ,∇v)
ga(τ¯ ,∇v) := τ¯W (v)−W (v)τ¯ − a(D(v)τ¯ + τ¯D(v)),
τ¯ W (v) := 12 (∇v − (∇v)
T )





QD := {(t, x) ∈ R
4 : t ∈ R+, x ∈ D(t)}
QΓ
{
∂tv + (v · ∇)v = divT + f, QD,
div v = 0, QD,











∂tv + (v · ∇)v − µα∆v +∇q = div τ + f, QD,
div v = 0, QD,
v(0) = v0, D(0),
λ1(∂tτ + (v · ∇)τ + ga(τ,∇v)) + τ = Dµ,1−α(v), QD,
τ(0) = τ0, D(0).
v = 0 ∂O

















f0 = g f1 = mg f2 = 0 g
τ = 0





∂tv + (v · ∇)v − µα∆v +∇q = div τ + f0, QD,
div v = 0, QD,
v(0) = v0, D(0),
v|QΓ = η + θ × (x− xc), QΓ,








(x− xc(t))×T(τ¯ , q)(t, x)n(t, x) dΓ = f2(t), t ∈ R+,
η(0) = η0,
θ(0) = θ0,
λ1(∂tτ + (v · ∇)τ + ga(τ,∇v)) + τ = Dµ,1−α(v), QD,
τ(0) = τ0, D(0).
v, q, η, θ τ D(t)
∂O
1 ≤ s, r ≤ ∞ T > 0







D := D(0) JT := (0, T ) ⊂ R T > 0
D ⊂ Rd d ∈ N 1 ≤ r ≤ ∞ m ∈ N Wm,r(D)
Hβ,r(D) β ∈ R+ C
m
0 < β ≤ m
Hβ,r(D) := [Lr(D),Wm,r(D)] β
m
,
0 < β < m, 1 ≤






W β,r(D) β ∈ N,






1 < s < ∞ 3 < r < ∞ O B ⊂ O
C2,1 η0, θ0 R




1,r(D) f0 ∈ W
β,s(R+;L
r(O)) β > 0 f1, f2 ∈ L
s(R+; R
3)
dist(B(0), ∂O) > d d > 0,
[0, T∗)
v ∈ Ls(JT∗ ;W
2,r(D(·))) ∩W 1,s(0, T∗;L
r(D(·))),
q ∈ Ls(JT∗ ;W
1,r(D(·))),
η ∈ W 1,s(JT∗ ; R
3),
θ ∈ W 1,s(JT∗ ; R
3),
τ ∈ C(JT∗ ;W
1,r(D(·))) ∩W 1,s(JT∗ ;L
r(D(·))).
v0, η0 θ0 div v0 = 0






v0|Γ(x) · n(0, x) = (θ0 × x + η0) · n(0, x),





























, t *→ |η(t)|, t *→ |θ(t)|, t *→ ‖τ(t)‖W 1,r(D(t))
[0, T∗)





W 1,s(JT ; R
3)
v, q, η, θ, τ
R+ × D
xc(0) = 0 O R
3
xc(0)
X0 Y0 y ∈ R
4 X0(t, y) =
Q(t)y + xc(t) Q(t) SO(3){
∂tX0(t, y) = m(t)(X0(t, y)− xc(t)) + η(t), JT × R
3,
X0(0, y) = y, y ∈ R
3,
m(t) m(t)x = θ(t)×x
Q ∈ W 2,s(JT ; R
3×3) η, θ ∈ W 1,s(JT ) Y0(t) X0(t)
Y0(t, x) = Q
T (t)(x− xc(t))
{
∂tY0(t, x) = −M(t)Y0(t, x)− ξ¯(t), JT × R
3,
Y0(0, x) = x, x ∈ R
3,
M(t) := QT (t)m(t)Q(t), ξ¯(t) := QT (t)η(t).
X0 Y0
D
∂O χ ∈ C∞(R3; [0, 1])
χ(x) :=
{
1, dist(x, ∂O) ≥ d,
0, dist(x, ∂O) ≤ d2 ,
b : [0, T ]× R3 → R3
b(t, x) := χ(x− xc(t))[m(t)(x− xc(t)) + η(t)]−BK(∇xχ(· − xc(t))m(t)(· − xc(t)))(x).
BK : C
∞










(∇χ(y − xc(t)))m(t)(y − xc(t)) dy =
∫
B2\B1
χ(y − xc(t)) m(t) dy = 0,






∂tX(t, y) = b(t, X(t, y)), JT × R
3,
X(0, y) = y, y ∈ R3.
η, θ ∈ W 1,s(JT ; R








X(t, ·) Y (t, ·)
b = 0 X Y
JX(t, y)JY (t, X(t, y)) = Id det JX(t, y) = det JY (t, x) = 1,
(JX)ij(t.y) = ∂jXi(t, y) (JY )ij(t, x) = ∂jYi(t, x). X
Y {
∂tY (t, x) = b
(Y )(t, Y (t, x)), JT × R
3,
Y (0, x) = x, x ∈ R3,
b(Y )(t, y) := −J−1X (t, y)b(t, X(t, y)).
b(Y ) Y b X
B1 X, Y X0, Y0 K∪B1 ∂tX(t, y) = ∂tY (t, x) = 0
(t, y) ∈ [0, T )× R3
u¯(t, y) := JY (t, X(t, y))v(t, X(t, y)),
p¯(t, y) := q(t, X(t, y)),
ω¯(t) := QT (t)θ(t),
ξ¯(t) := QT (t)η(t),
F0(t, y) := JY (t, X(t, y))f0(t, y),
Fi(t) := Q
T (t)fi(t), i ∈ {1, 2},
σ(t, y) := JY (t, X(t, y))τ(t, X(t, y))J
T
Y (t, X(t, y)),
N(t, y) := QT (t)n(t, X(t, y)) Γ := Γ(0).
M(t)x = QT (t)m(t)Q(t)x = QT [θ(t)×Qx] = (QT (t)θ(t))× x = ω¯(t)× x,
N(t, y) = N(y) Γ y ∈ Γ
I := QT (t)J(t)Q(t) a, b ∈ B1,





(a× y) · (b× y).
∫
Γ(t)
T(τ¯ , q)n(t) dΓ = Q
∫
Γ
T(Dµ,α(u¯) + σ, p¯)N dΓ
∫
Γ(t)
(x− xc(t))×T(τ¯ , q)n(t) dΓ = Q
∫
Γ
y ×T(Dµ,α(u¯) + σ, p¯)N dΓ.


∂tu¯ +Mu¯− 2µαLu¯− div σ +N (u¯) + Gp¯ = F0, JT ×D,
div u¯ = 0, JT ×D,
u¯(t, y)− ω¯(t)× y − ξ¯(t) = 0, JT × Γ,
u¯|∂O = 0, JT × ∂O,
u¯(0) = v0 D,
mξ¯′ + m(ω¯ × ξ¯) +
∫
Γ
T(Dµ,α(u¯) + σ, p¯)N dΓ = F1, JT ,
Iω¯′ + ω¯ × (Iω¯) +
∫
Γ
y ×T(Dµ,α(u¯) + σ, p¯)N dΓ = F2, JT ,
ξ¯(0) = η0 ω¯(0) = θ0



















(N (u¯))i := Σ
3





























λ1(∂tσ + ((Y˙ + u¯) · ∇)σ + C(u¯, ξ¯, ω¯) : σ) + σ = E u¯ JT ×D,
σ(0) = τ0 D,











































Y Y˙ (t, y) *→ (Y ◦ X)(t, y))
(t, y) *→ ((∂tY ) ◦X)(t, y)
(u¯, p¯, ξ¯, ω¯, σ)
(v, q, η, θ, τ)
X, Y
τ X, Y






















D ⊂ Rn n ≥ 2 C2 1 < s, r < ∞
0 < T < T0, f ∈ L
s(JT ;L
r(Ω)) u0 ∈ Ds,r




∂tu−∆u +∇p = f, JT ×D,
div u = 0, JT ×D,
u|∂D = 0, JT × Γ,
u(0) = u0,
KStokess,r > 0 T, u0 f
‖u‖XTs,r,σ + ‖p‖Y Ts,r,0 ≤ K
Stokes
s,r (‖f‖Ls(Lr) + ‖u0‖Ds,r ).
U(f, u0) := u ∈ X
T












r(D)) ∩ Ls(JT ;W
2,r(D))
































C(T0) > 0 T ∈ JT0
‖u‖Ls¯(JT ;W l,r¯(D)) ≤ C(T0) ‖u‖XTs,r
u ∈ XTs,r,0 := {w ∈ X
T
s,r : w|t=0 = 0}
‖f‖Ls ≤ T
1/s−1/s¯ ‖f‖Ls¯ f ∈ L
s¯(JT ), s¯ ≥ s
‖f‖L∞ ≤ T
1/s′ ‖f‖W Ts f ∈ W
T







X Y gij , g
ij ,Γijk,











1 ≤ |β| ≤ 3 KL > 0 0 < T ≤ T0






0 < T ≤ T0 0 ≤ |β| ≤ 1 KL > 0
sup
i,j
‖∂iYj − δij‖C(JT ;C(D)) ≤ KLT
sup
i,j
‖gij − δij‖C(JT ;C(D)) ≤ KLT,
gij , gij Γ
i
jk ξ,ω X, Y
σZTs,r := C(JT ;W
1,r(D)) ∩W 1,s(JT ;L
r(D)).
1 < p < ∞ q > 3 T > 0 τ0 ∈ W
1,r(D)3×3 w ∈ Ls(JT ;D(Ar))
3
C ∈ Ls(JT ;W
1,r(D))3×3×3×3 E ∈ Ls(JT ;W
1,r(D))3×3 σ ∈ ZTs,r{
λ1[∂tσ + (w · ∇)σ + C : σ] + σ = E , (0, T )×D,
σ(0) = τ0, D,
‖σ‖L∞(W 1,r) ≤ (‖τ0‖W 1,r +
1
λ1Kr
) exp(C‖∇w‖L1(L∞) + ‖C‖L1(W 1,r) + ‖E‖L1(W 1,r)) =: Λ,

























































‖σ‖rW 1,r + ‖σ‖
r
W 1,r ≤ ‖E‖W 1,r‖σ‖
r−1

































(‖E‖Lr + ‖σ‖Lr ) + C˜(‖w‖W 1,r + ‖C‖Lr )‖σ‖W 1,r
≤ C˜(‖σ‖W 1,,r +
1
λ1C˜















τ(t) t ∈ JT∗ u, ξ, ω








∗ − µα∆u∗ +∇p∗ = f0, JT ×D,
div u∗ = 0, JT ×D,
u∗(0) = v0, D,
u∗ − ω∗ × y − ξ∗ = 0, JT × Γ,















∗‖Y Ts,r + ‖ξ




‖v0‖B2−2/sr,s (D) + |η0|+ |θ0|+ ‖f0‖L
s(Lr) + ‖f1‖Ls + ‖f2‖Ls
)
=: K∗.
uˆ := u¯− u∗,
ξ := ξ¯ − ξ∗,
ω := ω¯ − ω∗.
Gp¯(t) pˆ ∈ Y Ts,r,0
Gp¯ = (Id− Pr,D)Gp¯ + Pr,DGp¯ =: ∇pˆ +H(p¯),
H(p¯)(t) ∈ Lrσ(D) pˆ 














uˆ, pˆ, ξ, ω


∂tuˆ− µα∆uˆ +∇(pˆ− p
∗) = F0 + div σ, JT ×D,
div uˆ = 0, JT ×D,
uˆ(0) = 0, D,
uˆ = ω × y + ξ, JT × Γ,





∗)N dΓ = F1 −
∫
Γ




y ×T(Dµ,α(uˆ), p¯− p
∗)N dΓ = F2 −
∫
Γ
y × σN dΓ, JT ,
ξ(0) = 0,
ω(0) = 0,
F0 := F0 − f0 + µα(L −∆)u¯−H(p¯)−M(u¯)−N (u¯),
F1 := F1 − f1 +
∫
Γ
(pˆ− p¯)N dΓm−mω¯ × ξ¯,
F2 := F2 − f2 +
∫
Γ
y × [(pˆ− p¯)IdN ] dΓ− ω¯ × Iω¯.
Fi
Γ uˆ|Γ ·N = 0
uˆ pˆ
e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) a
(i),α(i)

∆a(i) = 0, D,
∂a(i)
∂N |Γ = N · ei, Γ,
∂a(i)
∂ν |∂O = 0, ∂O,

∆α(i) = 0, D,
∂α(i)
∂N |Γ = N · (ei × y), Γ,
∂α(i)
∂ν |∂O = 0, ∂O.
a(i),α(i) ∈ W 3,r(D)
ξ,ω ∈ W 1,s0 (JT )
Aξ,ω(t) := Σiωi(t)α
(i) + ξi(t)a
(i) t ∈ JT ,


∆Aξ,ω(t) = 0, D,
∂Aξ,ω(t)
∂N |Γ = (ω(t)× y + ξ(t)) ·N, Γ,
∂Aξ,ω(t)
∂ν |∂O = 0, ∂O.
∇Aξ,ω(t) = (Id− Pr,D)(ξ(t) + ω(t)× ·) ∇Aξ,ω ∈ X
T
s,r
‖∇Aξ,ω‖W 1,s(W 2,r) + ‖∂tAξ,ω‖Ls(W 1,r) ≤ C(‖ξ‖W 1,s + ‖ω‖W 1,s).
u := uˆ−∇Aξ,ω,
p := pˆ− p∗ + ∂tAξ,ω,


∂tu− µα∆u +∇p = F0 + div σ, JT ×D,
div u = 0, JT ×D,
u(0) = 0, D,
u|Γ − ω × y − ξ = −∇Aξ,ω|Γ, JT × Γ,




T(Dµ,α(u +∇Aξ,ω), p + ∂tAξ,ω)N dΓ = F1 −
∫
Γ




y ×T(Dµ,α(u +∇Aξ,ω), p + ∂tAξ,ω)N dΓ = F2, −
∫
Γ
y × σN dΓ, JT ,
ξ(0) = 0,
ω(0) = 0,
u u ·N = 0 Γ u ·ν = 0 ∂O 0 < ε < 1− 1r








γ : W ε/2+1/r,r(D) → Lr(∂D)












a(i)Nj dΓ, bij =
∫
Γ
α(i)(ej × y) ·N dΓ, cij =
∫
Γ







a11 a12 a13 c11 c12 c13
a21 a22 a23 c21 c22 c23
a31 a32 a33 c31 c32 c33
d11 d12 d13 b11 b12 b13
d21 d22 d23 b21 b22 b23











(I + M) u
Γ




‖bA‖XTs,r ≤ C(‖ω‖W Ts + ‖ξ‖W Ts ).
u = U(ξ,ω) + bA + U(F0 + div σ),
p = P(ξ,ω) + P(F0 + div σ),
U(ξ,ω) = U(−∂tbA + µα∆bA)






−J (σ)−J (T(Dµ,α(U(F0+div σ)),P(F0+div σ))),
ξ(0) = 0,
ω(0) = 0,
u−bA(ξ,ω)−U(ξ,ω) = U(F0+div σ),
p−P(ξ,ω) = P(F0+div σ),
u(0) = 0.





R(ξ,ω) := (I + M)
d
dt
(ξ,ω) + J (T(Dµ,α(U(ξ,ω)),P(ξ,ω))).
J (Dµ,α(uˆ)) = J (Dµ,α(U(ξ,ω) + bA + U(F0 +Kσ) +∇Aξ,ω))
= J (Dµ,α(U(ξ,ω) + U(F0 +Kσ))),
Γ D(bA) = −D(∇Aξ,ω)










:= ‖R−1(f)‖W Ts ×W Ts ≤ ‖f‖Ls(JT ;R6)
f ∈ Ls(JT ; R
6)







→֒ Ls(JT ) β(s, r) > 0
J (IdR3P(ξ, ω)) R1 !
u ∈ XT∗s,r,
p ∈ Y T∗s,r ,
ξ ∈ WT∗s ,
ω ∈ WT∗s ,
σ ∈ ZT∗s,r.













s,r,0 := {U ∈ X
T
s,r,0 : U |∂O = 0, ‖U‖XTs,r ≤ R1},
Y T,R1s,r := {P ∈ Y
T
s,r : ‖P‖Y Ts,r ≤ R1},
W
T,R2
s,0 := {Ξ ∈W
1,s(JT ; R
3) : Ξ|t=0 = 0, ‖Ξ‖W 1,s(JT ) ≤ R2}
ZT,R3,R4s,r := {Σ ∈ Z
T
s,r : ‖Σ‖C(JT );W 1,r(D) ≤ R3, ‖Σt‖Ls(JT ;Lr(D)) ≤ R4}.




r(D))× C(JT ; R
3)× C(JT ; R
3)× C(JT ;L
r(D)).
R1, R2, R3, R4, T > 0





















U¯ = U +u∗+∇AΞ,Ω Ξ¯ = Ξ+ξ
∗ Ω¯ = Ω+ω∗
‖U¯‖XTs,r ≤ R1 + K∗ + CR2
‖Ξ¯‖W Ts ≤ R2 + K∗,
‖Ω¯‖W Ts ≤ R2 + K∗,
K∗ P¯
Pˆ = P + p∗ − ∂tAΞ,Ω










P¯ ∈ W 1,r(D) g Ξ,Ω ∈ WT,R2s g
ij =
(JTY JY )ij λi > 0








‖∇P¯‖Lr ≤ C‖∇Pˆ‖Lr .
GP¯ − ∇Pˆ = H(P¯ ) ∇Pˆ = (IdLr − Pr,D)GP¯ H(P¯ ) =
Pr,D(GP¯ ) supi,j ‖g
ij−δij‖∞,∞ ≤ KR2+K∗T
KR2+K∗ KR2+K∗
‖H(P¯ )‖Ls(Lr) = Pr,D(GP¯ −∇P¯ )
≤ KR2+K∗T‖∇P¯‖Ls(Lr)
≤ KR2+K∗T (R1 + K∗ + R2).
L,M,N KR2+K∗
F0,F1 F2 U¯ , P¯ , Ξ¯ Ω¯
XTs,r,0 →֒ H
1/2,s(W 1,r) →֒ Ls¯(W 1,r)
s¯ = 2s2−s
‖U +∇AΞ,Ω‖Ls(W 1,r) ≤ CT
1/2‖U +∇AΞ,Ω‖Ls¯(W 1,r) ≤ CT
1/2(R1 +R2)
C > 0 0 < T < T0
‖F0‖Ls(Lr) ≤ ‖F0 − f0‖Ls(Lr) + µα‖(L −∆)U¯‖Ls(Lr)






‖gij − δij‖L∞(L∞)‖∆U¯‖Ls(Lr) + CR2+K∗‖U¯‖Ls(W 1,r)
+ ‖U¯‖L∞(Lr)‖∇U¯‖Ls(L∞) + CR2+K∗(R1 + R2 + K∗)
≤ KR2+K∗ [TK∗ + T (R1 + R2) + T






‖F1‖Ls + ‖F2‖Ls ≤ ‖F1 − f1‖Ls + ‖F2 − f2‖Ls + m‖Ω¯× Ξ¯‖Ls + |I|‖Ω¯‖
2,





‖div Σ‖Ls(Lr) ≤ T
1/sR3.
J (T(Dµ,α(U(F0 + div Σ)),P(F0 + div Σ)))

















− J (Σ)− J (T(Dµ,α(U(F0+div Σ)),P(F0+div Σ)))
)
,










Φu := bA(Φξ,Φω) + U(Φξ,Φω) + U(F0 + div Σ),
Φp := P(Φξ,Φω) + P(F0 + div Σ),










λ1(∂tΦσ + ((Y˙ + U¯) · ∇)Φσ + C(U¯ , Ξ¯, Ω¯) : Φσ) + Φσ = E(U¯) JT ×D,
Φσ(0) = τ0 D.
X Y Ξ¯, Ω¯
‖C(U¯ , Ξ¯, Ω¯)‖Ls(W 1,r) ≤ KR2+K∗
(
‖U¯‖Ls(W 2,r) + ‖J˙X‖Ls(W 1,r) + ‖Y˙ ‖Ls(W 1,r)
)
≤ KR2+K∗ (R1 + TR2 + K∗) ,
‖C(U¯ , Ξ¯, Ω¯)‖Ls(Lr) ≤ KR2+K∗
(




T 1/2R1 + TR2 + K∗
)
‖E(U¯)‖Ls(W 1,r) ≤ KR2+K∗R1,
‖E(U¯)‖Ls(Lr) ≤ KR2+K∗T
1/2R1.
w := Y˙ + U + u∗ +∇AΞ,Ω
w ∈ Ls(JT ;D(Ar)) w|Γ = w|∂O = 0
div Y˙ = 0 det JY = 1
0 = ∂mdet JY = Σ
3
k,l=1(JX)lk∂l(JY )km, m ∈ {1, 2, 3}.




X )km(t, y)bm(t, X(t, y))]
= −Σ3k,l,m=1∂l(JY )km(JX)lkbm − (J
−1
X )km(JX)lk∂lbm
= −div b = 0.
‖w‖XTs,r ≤ CR2 + R1 + K∗.
‖Φσ‖L∞(W 1,r) ≤ (‖τ0‖W 1,r +
1
λ1Kr
) exp(C‖∇w‖L1(L∞) + ‖C‖L1(W 1,r) + ‖F3‖L1(W 1,r))
≤ (‖τ0‖W 1,r +
1
λ1Kr
) exp(C1(1 + KR2+K∗)T
1/s [R1 + R2 + K∗])
=: Λ1
C1 > 0











C2 > 0 T Ci
T→0
→
C∗ > 0 C∗ > 0
Φ
Φ Φ(V) ⊂ V R1, R2, R3, R4 > 0 T > 0
R1, R2, T < 1 T
K∗ ≤ 1
R3 = Λ1 = C0 exp(3C1(1 + K2))
R3 R1, R2, T
‖Φu‖XTs,r + ‖Φp‖Y Ts,r,0 ≤ CM
T
R1,R2,R3






‖Φξ‖W Ts + ‖Φω‖W Ts ≤ CM
T
R1,R2,R3






R = C[T (R1 + R2 + R3 + K∗) + K∗(K∗ + R2)].
R2 ≥ R1 C1 = C2 R1, R2, R3 T
C1R < R1 R2 2C1R
2

























→֒ C(JT ; R
3),
{Φp} := {Φp ∈ Y
T,R1








{Φp} δ → 0
dδf(t) := f(t+ δ)− f(t).
Φp Φp(t) ∈ L
r







0 ψ ∈ L
r′
0 ϕ ∈ W
2,r(D){
∆ϕ = ψ D,
∂ϕ
∂N = 0 ∂O ∪ Γ.
Φp = P(Φξ,Φω) + P(F0 + div Σ) P(Φξ,Φω) ∂tbA(t) −∆bA(t) ∈ L
r
σ





≤ ‖U(Φξ,Φω)(t)‖W 1+1/r+ε,r‖ψ‖Lr′ .
‖dδP(Φξ,Φω)‖Ls(Lr) ≤ ‖dδU(Φξ,Φω)‖Ls(W 1+1/r+ε,r)
ε > 0 U(Φξ,Φω) ∈W
α,s(W 1+1/r+ε,r) α = 12 (1−
1




(‖U(Φξ,Φω)(t+ δ)‖W 1+1/r+ε,r − ‖U(Φξ,Φω)(t)‖W 1+1/r+ε,r )
s
δαs+3
dδ dt ≤ CR1.
‖dδP(Φξ,Φω)‖Ls(Lr) ≤ ‖U(Φξ,Φω)‖Ls(W 1+1/r+ε,r) ≤ δ
αs+3CR1 → 0,
{P(Φξ,Φω)} P(F0 + div Σ)
(P(F0 + div Σ)(t), ψ)r,D = ((Id− Pr,D)(µαLU¯ −MU¯ −N (U¯) + F0 − f0),∇ϕ)r,D
+((Id− Pr,D)div Σ,∇ϕ)r,D,













((Id− Pr,D)L(U¯),∇ϕ)r,D = Σ
3
i,j,k,l=1(g
kj(∂k∂jU¯i) + likl(∂kU¯l) + LijU¯j , ∂iϕ)r,D
= −Σ3i,j,k=1((∂jU¯i)(∂kg
kj), ∂iϕ)r,D − ((∂jU¯i)g
kj , (∂k∂iϕ))r,D
+ (∂kU¯iNk, (∂iϕ))r,Γ + (∂kU¯iνk, ∂iϕ)r,∂O
≤ KR2+K∗‖U¯(t)‖W 1+1/r+ε,r‖ψ‖Lr′ ,




jkY˙k + (∂kYi)(∂jX˙k)]U¯j , ∂iϕ)r,D
≤ KR2+K∗‖U¯(t)‖W 1,r‖ψ‖Lr′








(U¯jU¯i, ∂j∂iϕ)r,D + (U¯jNjU¯i, ∂iϕ)r,Γ + (Γ
i
jkU¯jU¯k, ∂iϕ)r,D
≤ KR2+K∗‖U¯(t)‖Lr‖U¯(t)‖L∞‖ψ‖Lr′ + CΓ,r(|Ξ¯|+ |Ω¯|)
2‖ψ‖Lr′ .
(div Σ,∇ϕ)r,D ≤ ‖Σ(t)‖W 1/r+ε,r‖ψ‖Lr′ .
‖dδΦp‖Ls(Lr) ≤ C(‖dδU¯‖Ls(W 1+1/r+ε,r) + ‖dδ(|Ξ¯|+ |Ω¯|)
2‖Ls
+ ‖dδΣ‖Ls(W 1/r+ε,r) + ‖dδ(F0 − f0)‖Ls(Lr))
≤ Cδmin(α,β) δ < 1
→ 0 δ → 0,
‖U¯‖W α,s(W 1+1/r+ε,r) ≤ R1 + K∗ + CR2 ‖Ξ¯‖W Ts + ‖Ω¯‖W Ts ≤ R2 + K∗
‖Σ‖W 2α,s(W 1/r+ε,r) ≤ R3 + R4
ZTs,r →֒ W
2α,s(W 1−2α,r) 0 < 2α < 1
‖F0 − f0‖W β,s(Lr) ≤ T (R2 +K∗) !
Φ(V) W









∂tσk → ∂tσ˜, L
s(Lr)
σk(0) = σ˜(0),
‖σ˜‖L∞(W 1,r) ≤ lim inf ‖σk‖L∞(W 1,r) ≤ R3,
‖∂tσ˜‖Ls(L,r) ≤ lim inf ‖∂tσk‖Ls(Lr) ≤ R4.














‖u˜‖XTs,r,0 ≤ lim inf ‖uk‖XTs,r,0 ≤ R1,
u˜ = u ∈ XT,R1s,r,0 (pn)n ⊂ L
s(W 1,r) p ∈ Ls(Lr)
pk → p˜, L
s(W 1,r)
(pk)k p˜ ∈ L
s(W 1,r) p˜ ≤ lim inf ‖pk‖Ls(W 1,r) ≤ R1
p ∈ Y T,R1r,s (ξn)n, (ωn)n ⊂ W
T
s C(JT ) R2
ξ,ω ∈ WTs














((Φu)n, (Φp)n, (Φξ)n, (Φω)n, (Φσ)n)
=: (Φu,Φp,Φξ,Φω,Φσ).
Φ
U¯k = Uk + u
∗ +∇Ak → U¯ = U + u
∗ +∇AΞ,Ω
Pˆk = Pk + p
∗ − ∂tAk → Pˆ = P + p
∗ − ∂tA, L
s(W 1,r).
Ak := AΞk,Ωk (Ξk,Ωk) → (Ξ,Ω) L
s(JT ) ∂tAk → ∂tA
Ls(W 1,r) ∇Ak → ∇AΞ,Ω
Ξ¯k = Ξk + ξ
∗ → Ξ¯ = Ξ + ξ∗
Ω¯k = Ωk + ω




P¯k → P¯ , L
s(W 1,r)
H(P¯k) → H(P¯ ), L
s(Lrσ).
(F0(U¯k, P¯k, Ξ¯k, Ω¯k)) → F0(U¯ , P¯ , Ξ¯, Ω¯), L
s(Lr),
(F1(U¯k, P¯k, Pˆk, Ξ¯k, Ω¯k)) → F1(U¯ , P¯ , Ξ¯, Ω¯), L
s,
(F2(U¯k, P¯k, Pˆk, Ξ¯k, Ω¯k)) → F2(U¯ , P¯ , Ξ¯, Ω¯), L
s,
div Σk → div Σ L
s(Lr)
Un := U((F0)n + div Σn) → U(F0 + div Σ)





→֒ Ls(W 1+1/r+ε,r) 0 < ε < 1 − 1/r
(Uk)k L
s(W 1+1/r+ε,r)




J (Pk) J (P) L
s(JT ) Σn → Σ L
s(W 1,r)


















W 1,s(JT ; R
6)
(Φu)k = Uk + bh((Φξ)k, (Φω)k) + U((Φξ)k, (Φω)k) → Φu




λ1(∂tΦσ + ((Y˙ + U¯) · ∇)Φσ + C(U¯ , Ξ¯, Ω¯) : Φσ) + Φσ = E(U¯) JT ×D,
Φσ(0) = τ0 D,
U¯ , Ξ¯, Ω¯ Y˙ , C, E Ξ¯, Ω¯
!
V W Φ W
Φ u, p, ξ,ω,σ ∈ V
u¯, p¯, ξ¯, ω¯
v, q, η, θ, τ
v0, θ0, η0 τ0, f0, f1, f2 v
i, qi, ηi, θi, τ i, i ∈ {1, 2}
χ ui, pi, ξi,ωi,σi, i ∈
{1, 2}
u := u1 − u2 ∈ XTs,r,
p := p1 − p2 ∈ Y Ts,r,
ξ := ξ1 − ξ2 ∈ WTs ,
ω := ω1 − ω2 ∈ WTs ,




1u +Mu2 − µα(L1u + Lu2)− div σ +N 1(u) +N (u2) + G1p + Gp2 = F10 −F
2
0 ,
div u = 0,
u|Γ − ω × · − ξ = 0,
u|∂O = 0,
u(0) = 0,
mξ′ + m(ω1 × ξ + ω × ξ2) +
∫
Γ
T(Dµ,α(u) + σ, p)N dΓ = F1 −F
2
1 ,
Iω′ + ω1 × Iω + ω × Iω2 +
∫
Γ








1 + u1) · ∇)σ + ((Y˙ + u) · ∇)σ2 + C1 : σ + C : σ2) + σ = E1u + Eu2,
σ(0) = 0,
M2,L2, . . . ξ2,ω2 M = M1 −M2,L =










































1 + ‖upi‖W 2,2 + ‖u
pi‖L2‖u
pi‖W 1,3 + ‖∇p
2‖L2 + ‖f0‖L2
]
· (‖u‖2L2 + |ξ|
2 + |ω|2 + ‖σ‖2L2), pi ∈ {1, 2},
C(|ξpi|, |ωpi|) > 0
8 |ξpi|, |ωpi| (g1)lk (g1ij)
JT × D Φ














(m|ξ|2 + ωT Iω) + mξT (ω × ξ2) + ωT (ω1 × Iω)












































pi|, |ωpi|)Σ2pi=1(1 + ‖u
pi‖W 2,3 + ‖σ
2‖W 1,3 + ‖σ




2 + |ω|2 + ‖σ‖2L2).



















































≤ C(‖u‖2L2 + |ξ|





















u(0) ≡ 0 ξ(0) = ω(0) = 0 σ(0) ≡ 0 u1 ≡ u2
ξ1 ≡ ξ2 ω1 ≡ ω2 σ1 ≡ σ2 JT p







Lp(0, T ; B)
